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Abstract 



We present a number of new, exact scalar field cosmologies where the potential con- 
sists of two or more exponential terms. Such potentials are motivated by supergravity 
or superstring models formulated in higher dimensional spacetimes that have been 
compactified to (3+l)-dimensions. 

We have found solutions in both curved and flat Robertson Walker spacetimes. 
These models have a diverse range of properties and often possess several distinct 
phases, with a smooth transition between ordinary and inflationary expansion. While 
exponential potentials typically produce powerlaw inflation, we find models where 
the inflationary period contains eras of both powerlaw and exponential growth. 



1 Introduction 

Since the first inflationary cosmological models were proposed |[], |j most calcula- 
tions have been performed using one of a variety of approximations. While these are 
usually sufficient and often unavoidable, there is considerable interest in scalar field 
cosmologies that can be solved exactly. 

In this paper we introduce a number of exact solutions for Robertson Walker 
universes that contain a single scalar field, <f>, with the potential, 

N 

y(0) = ^A,exp(-A^). (1) 

3=1 

Potentials of this type characteristically arise when a higher-dimensional theory is 
compactified to (3 + l)-spacetime, including various supergravity and superstring 
models [||, |5[ |(| [5], ||, |9|, fT0| . In particular, as Ozer and Taha [11| point out, the 
potential 

N 

F(0)=^A i ex P (-i 7 ^), (2) 

3=1 

where 7 is a constant, is motivated by a perturbation expansion in superstring the- 
ories. In scalar field cosmologies with exponential potentials 7 is usually a free 
parameter and in this paper we discuss solutions with a variety of different values 
of 7. However, string theory makes the generic prediction that 7 = y/2 which must 
be incorporated into any fully realistic theory. Cosmological models based directly 
upon the superstring action have been examined by Casas, Garcia-Bellido and Quiros 
|L3"|, ^4[. Brustein and Steinhardt demonstrate that there are severe difficulties 
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in implementing a realistic cosmology based on the conventional formulation of su- 
perstring theories, but this is not being attempted here. 

Exact solutions for potentials containing a single exponential term with restric- 
tions either on the initial conditions or the choice of model parameters have been 

1. The full solution was 



discussed by several authors [12, 16, 17, 18, [jlj, 20, 21 



obtained by Salopek and Bond [23] and generalised by Lidsey to a two-field model 
[§4|. Solutions for potentials of the type V{<j>) = A 2 e 2X(t> + B 2 e~ 2X ^ - 2AB have been 
found by de Ritis et. al. p5|, 27]. 



Powerlaw inflation |12| , 17, 21, ^2], 28, |29|| ) where a(t) oc t p and p > 1, is normally 
driven by a scalar field with V(cj)) = Ae _A< ^. We generalise this potential to models 
where V{4>) has the form of equation ([l]). In Sections 3 and 4 we give several exact 
solutions in curved spacetime for a potential which has two exponential terms. The 
flat spacetime case is discussed in Section 5 and here we find a diverse range of 
models. For instance, examples where powerlaw growth is preceeded by a period 
of exponential expansion are presented, as well as models where powerlaw inflation 
commences after a finite amount of non-inflationary growth. 

Like virtually all exact solutions, those presented here must be viewed as toy 
models rather than attempts to construct a realistic cosmology. In this sense, the 
inflationary solutions in this paper are analagous to intermediate inflation [3C, [H]] 
which is based on an unlikely looking potential but has received attention because 
it can be solved exactly. Also, by studying exact solutions which widen the reper- 
toire of possible inflationary behaviour we create new possibilities which can then be 
incorporated into more complicated models. 



2 The Equations 

In this section we present the equations which govern the evolution of a Robertson 
Walker universe containing a single scalar field, (f>, with effective potential V{4>). 
The density, p, is 



1 



^ 2 + V{<t>). 



(3) 



Expressed in natural units, the Einstein field equations for a Robertson Walker uni- 
verse, are |35, |33| 



H 



p k 



1 12 k 



(4) 
(5) 



where a(t) is the scale factor and H = a/ a is the Hubble parameter. The semi- 
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classical equation of motion for <j> is 



Differentiating p and comparing the result with equation (|q) gives 



(6) 



(7) 



While taking the time, t, as the independent variable is the most natural choice, the 
mathematical complexity of exact solutions to equations (||) to @ is often reduced 
by parametrising the motion in terms of the field, <j>. This formalism was introduced 
by Muslimov, Salopek and Bond [20, 23] but the form of it used here is due to 



Lidsey [34]. In this paper, we will find it useful to make the extra substitution, 

x = exp (-£</>), (8) 



where £ is a constant. 

The shift between x and t is obtained by rearranging equation (0) 

dx £ 2 x 2 dp 
dt 3H dx 



(9) 



Employing equation @ we find a set of equations, expressing p, V, a, t and H as 
functions of x. From equation (0) it follows that 34] 



6H Z 



t% 2P'X' 

X 



(10) 



where x = ° 2 an d the dash denotes differentiation with respect to x. Comparing 
equations (|j) and ([[(]) yields a first order differential equation for x, 



i 2 x 2 p'x' + 2 PX = 6k. 



The general solution of this equation is 

2 r x p 



x{x) = exp 



r Jxo x p 



dx 



2 6k 

«0 + |2 



exp 



£ 2 ix a^ 2 P ; 



dx 



x 2 p' 



(12) 



where a Q and x Q and the values of a and x when t = 0. For any given density, p, the 
potential is 

(ixp'f 



V{x) = p 



18H 2 



or, equivalently, 



(13) 
(14) 
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The time, t(x), is calculated by integrating equation (|9| 

3 r x H 

£ 2 Jxo X 2 p 



t(x) = —pj, \ —^-jdx. (15) 



Finally fl, the ratio between the density and the critical density, is [35] 



Not all exact scalar field cosmologies are inflationary. During inflation the comov- 
ing coordinate volume contained inside the horizon decreases as the universe expands 
or, equivalently, a > p8(| . In terms of the parameter e = —H/H 2 , inflation is taking 
place when e < 1. Using equation (0) we write e in terms of x, 

eW=?vg (17) 

The method we use to find exact solutions is to specify a particular form of the 
density, p(x), and then run the field equations backwards to derive the potential that 
produced it. The choice of p(x) is guided by our interest in potentials that are of the 
general form, equation (||). However, as long as the integrals in equations ( |l2|) and 
( |14} ) can be performed then this method will work for an arbitrary p(x). While the 
exact solutions presented here could have been written down without any comment as 
to how they were found, it will hopefully be helpful to the reader if the methodology 
is made explicit. 

Other authors have obtained exact solutions by constraining the field equations 
in some way and then solving the restricted problem. In particular, Ellis and Madsen 
[j36f derive several exact solutions by specifying the functional form of the scale factor, 
a(t), and then computing V(4>). While the calculation involved here is similar, they 
emphasise the desired expansion whereas we are seeking exact solutions when the 
potential is of the generic form, equation ([!]). 

Virtually all the exact solutions that are to be found in the literature do not hold 
over the complete range of initial conditions, and those discussed in this paper are 
no exception. Also, by characterising the motion with the field, cj) we are implicitly 
assuming that the <ft is strictly increasing or decreasing. When this assumption breaks 
down, we can describe the solution in a piecewise way. An example of this is given 
in Section 4. 

3 Positively Curved Spacetime 

We begin by considering models in Robertson Walker spacetimes with positive cur- 
vature (k = 1). Ozer and Taha [|llj give two exact solutions for the potential 

V(x) = Cx - Dx 2 , f = l, (18) 
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which they designate Solutions I and II. While their solutions are distinct from one 
another when the time is chosen as the independent variable, they both have the 
density, 



p(x) = Ax — Bx 2 , 



(19) 



where A and B depend on the initial conditions. By substituting p(x) into equa- 
tions ( p"2D and (|14|) we derive the most general potential that produces a density of 
the form equation (pj|), 

5Ax (Aa 2 x - 6)x + 4(3,4 - 2ABa 2 x 2 + QBx Q )x 2 + 2B(Ba 2 x 2 - 3)x 3 



V(x) 



6x (Aa%x — 6) + 6(3 — Ba 2 x 2 )x 



(20) 

We can carry out this procedure for other choices of p(x) and £. However, this case 
is special in that for other relatively simple forms of p(x) in curved spacetime the 
corresponding potential is extremely complicated. 

When A = 6/a 2 x Q or B = 3/a 2 x 2 the potential, equation (p0[), simplifies to the 
form of equation (|i~8|). We consider these two special cases in turn. First, setting 
A = 6/a 2 x a in equation ( |l~9|) and using equations ( |i~2| ) and ( |l5| ) gives the following 
solution, parametrised by x: 



V(x) 
H 2 (x) 
a(x) 
t(x) 



2 A l n 2 

-Ax Bx 1 , 

3 3 

A 9 
— x — Dx , 
6 

x 



— ~ Da l x l 

X 



1 — Da'ix 2 , 



(21) 
(22) 
(23) 
(24) 



where we have identified B = 3D from equations (|l^) and (pi[). Inverting gives a(t) 
and 4>(t) and generalises Solution I of Ozer and Taha. 



4>{t) 

a(t) 



+ log 



Da 2 x 2 + 



t 



+ Jl - Dalxl 



a J Da 2 xl + (Jj- + ijl- Dalx 2 ^ 



(25) 



(26) 



The only constraint is the requirement that H 2 > when x = x a , or D < \ja 2 x . 
Setting D = \ja 2 x recovers Ozer and Taha's result. For this solution e(x), equa- 
tion (0), is 

1 — 2Da 2 x x 



e(x) 



(27) 



1 — Da 2 x x 

When D > 0, a(t) ^ and e < 1 so this solution is always inflationary and non- 
singular, as Ozer and Taha |11] point out. At large negative times, a(t) is decreasing 
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towards a finite minimum size, after which it will expand indefinitely. While this is 
an inflationary solution, it is not asymptotically flat, since 



n 



2 — Da 2 x a x 
1 — Da 2 x Q x 



(28) 



and — > 2 at small x, or large times. Further examples of inflationary models where 
11 / 1 can be found in Ellis et. al. If D < then a(t) = at some finite, 

negative time and the resulting model universe does contain an initial singularity. In 
this case inflation never begins, since e > 1 at all times. 
Now put B = 3/a 2 x 2 , giving the solution 



V{x) 
H 2 {x) 

a(t) 



5 a 2 o 2 

-Ax Bx 2 , 

6 3 

2 -Cx-\bx\ 
5 6 



(29) 
(30) 

(31) 
(32) 

where C = 5.A/6. To ensure that H 2 > 0, we need C > 5/a 2 x Q . Setting C — 5/a 2 x Q 
recovers Solution II of Ozer and Taha. This is a non-singular model and at large 
times a(t) oc t 2 and Q — » 1, so the solution approaches powerlaw inflation in flat 
spacetime. 




4 Negatively Curved Spacetime 

The next possibility we consider is the existence of exact models in a Robertson 
Walker universe with negative curvature (k = —1). We look for the potential that 
gives a density of the form 

p(x) = Ax + Bx 2 , f = l. (33) 

From equations (|l^), (0) and ( |33[ ) we obtain 

_ 5Ax (Aa 2 x + 6)x + 4(3A + 2ABa 2 x 2 + 6Bx )x 2 + 2B(Ba 2 x 2 - 3)x 3 

^ ~ 6^ (,4a2x + 6) + 6(3 - Ba%xl)x ' 

(34) 

Choosing either A = — 6/a 2 x a or B = 3/a 2 x 2 simplifies the potential, equation fl3"4|), 
to the generic form given by equation (^|). As is the case for positively curved 
spacetime, other choices of p(x) result in a very complicated potential. 
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Putting B = 3/a 2 x 2 gives the solution 
V{x) 



H 2 (x) 



a(t) 



5 A 2 T, 2 

-Ax + -Bx 

6 3 

A 2 n 2 

—x H — Bx , 
3 3 




(35) 
(36) 

(37) 
(38) 



This universe begins with an initial singularity (a = 0) and expands forever. It is 
always inflationary and at large times fi — ► 1, so it is asymptotically flat. 

When A = — 6/a 2 x Q the solution is markedly different from those others we have 
examined so far. The scale factor a(t) initially increases but the expansion comes 
to a halt at a finite time, after which the universe contracts towards a(t) = 0. We 
have to patch two solutions together, one for the expanding phase, and one for the 
contracting phase, with the Hubble parameter, H, having the appropriate sign in 
equation (|l^). Defining B = 3D, we find 



V(x) 
H 2 {x) 
a(x) 
t(x) 



2 A B 2 

-A + —x 1 

3 3 

A 2 
—x + Dx l 
6 

X 



Da%x 



2 



1 



DaAx 



2 



X Q 

X 



H>0. 



(39) 
(40) 
(41) 
(42) 



If x < x c , where x c = 1/Da 2 x a , then t(x) acquires a complex portion. However 
H(x c ) = and a(x c ) is the maximum value of a(x). So when t > t(x c ), H < and 
the universe is contracting. In this case V(x), H 2 {x) and a(x) are the same as those 
calculated above but 



t(x) —t\ = a\ 



Da\x\ 



x% 

X 



Ba\x\ - 1 



H < 0. 



(43) 



Choosing the initial conditions in equation (|43| ) to be a\ = a(x c ), t\ = t(x c ) and x\ - 
x c gives t(x) during the contraction phase of the universe described by equations (]3£ 
to©, 

(44) 



tlx) 



Da 2 x 



2 



1 + 



Da 2 x 2 - — 

x 



H < 0. 



These equations may now be inverted, giving 

<f>(t) = Cpo + log 



Da 2 x 2 



\l Da 2 x 2 



(45) 
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This is not a viable inflationary model. However, it is an example of an exact 
scalar field cosmology in a curved spacetime and it serves as a reminder that not all 
exact solutions will be inflationary. 



5 Flat Spacetime 



In curved spacetime, we could only find a few exact solutions where the potential, 
V(x), had a relatively simple form and there was typically some connection between 
the allowable range of initial conditions and one of the coefficients in the potential. 
In flat spacetime, however, k = and p = 3H 2 so equations (12) to (15) and (17) 
become 



a{x) 




■ l rx 


= a Q exp 


[ ^ 2 L . 


V(x) 


= 3H 2 - 


2fx 2 H' 2 


t{x) 






e(x) 





H 



■dx 



(47) 
(48) 
(49) 

(50) 



When k = it is simpler to specify H(x) rather than p{x). Any H{x) that is a 
polynomial in x will, upon substitution into equation (|48|), give a potential that is 
automatically of the form equation (||) so we can find any number of exact inflationary 
models in flat spacetime. 

5.1 Powerlaw Inflation 

The simplest choice of H{x) is 



H(x) = Ax. 



Substituting equation (|5lD into equation (fl8|) gives the potential, 

V(x) = (3 - 2i 2 )A 2 x 2 
The parametric solution for a(t) is 

a(x) = a 
t(x) 



1 



i/2e 



i i 



2A£ 2 \x x 



(51) 
(52) 

(53) 
(54) 
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This solution is given by Muslimov [20| but we quote it for convenience as many of 
the models discussed later tend to this solution as the time, t, becomes large. 
Inverting, to make t the independent variable, 



<Kt) 

a(t) 



1 



+ | log (J + 2ACe~^°t 



i (l + 2Afe~^°t 



i/2e 



(55) 
(56) 



For large t, a(t) oc t p where p = l/2£ 2 , which is power law inflation if £ < y/T/2. 
While this is not the general solution, it is an attractor [38]. 



5.2 Exponential expansion from an exponential potential 

We now turn our attention to new, exact solutions. We start with 

H{x) = Ax- Bx 2 , B > 

which results in 

V{x) = A 2 (3 - 2£ 2 )x 2 + 2AB(4f - 3)x 3 + B 2 (3 - 8f)x 4 . 
From equations (|47|) to ( |49|) it follows that 

x 2 (A-2Bx) 



(57) 



(58) 



a(x) 
t(x) 



1 l/4« 2 



x 2 {A- 2Bx Q ) 



Ael2\x x ) A g 



x (A - 2Bx) 
x{A - 2Bx ) 



(59) 
(60) 



This solution cannot be easily inverted, so we will work with the parametric form. 
We treat this case in some detail as much of the analysis here will apply with minor 
modifications to the other exact solutions discussed in this section. 
The potential V(x), equation (|58|), possesses turning points at 

A _ A 3 - 2£ 2 

Xa ~ 2B' Xb ~ 



(61) 



Since x is always positive, Xb is only significant if it is greater than zero. For all 
values of £, Xd IS Si local maximum of V(x). However, the potential is only bounded 
below when £ < \/3/8 and has a range of different forms, depending on the value 
off. 

Like most exact scalar field cosmologies this solution applies to a restricted set 
of initial conditions, specifically x — > x a as t — > — oo, so the field is always evolving 
away from the unstable equilibrium at x a . Formally, a(t) > for all negative times 
and this solution lacks an initial singularity but small perturbations in <fi or (j) when x 
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is very close to x a render the solution classically unstable in this region. However the 
behaviour of the exact solution at later times is representative of a class of models 
that approximate these initial conditions and we discuss the solution in this context. 
If x > x a then t(x) increases with x. When noowe find 



1 

t 



A£ 2 



log 



2B \ 1 



0. (62) 



and a{x) becomes zero after a finite time. Thus this model universe collapses into a 
singularity for some choices of the initial conditions. 

We now focus on the case where x Q < x a , and the expansion continues indefinitely. 
For this solution, 

. s o ( A-2Bx\ 2 , . 

e(s)=2£ 2 A D • (63) 



A-Bx 

If £ < \/l/2 then e < 1 for all x and inflation continues forever. For larger values of 
£ the inflationary phase will cease when e = 1, or 

B4Z-V2" [ ' 

Furthermore, this solution has the capacity for both powerlaw and exponential 
inflation. During quasi-exponential expansion, H must be relatively constant on 
timescales of 1/H, during which the universe expands by a single e-folding. This 
requirement is satisfied when e <C 1. So if x Q « x a (but not so close to the local 
maximum that the solution is unstable) then a(t) is approximately exponential. 

Thus this solution exhibits the properties of the two major inflationary models 
at different stages in its evolution. If £ < 0.2 and x Q ~ x a then a large amount of 
exponential expansion is possible, with the number of e-foldings depending critically 
on £ and the ratio x Q /x a . In figures (||) and (g) V{<j)) and a(t) are plotted for a 
representative set of parameter values. Physically, since x a is a local maximum, the 
potential is approximately flat when x ~ x a . Thus both x and V(x) are changing 
slowly, leading to an era of quasi-exponential expansion. As x moves further away 
from x a the potential becomes steeper and the era of powerlaw expansion begins. 

For most values of £, the coefficients of only two of the three coefficients in V(x), 
equation (|5^) are independent. However, when £ = a/3/2, \/3/4 or \/3/8 one of 
the terms in V(x) drops out, leaving only two nonzero terms which may be chosen 
arbitrarily. In particular, when £ = \/3/4, the potential is 

V(4>) = ^A 2 exp (-V30) - 3B 2 exp (-2^30). (65) 

which is the first two terms in the superstring motivated perturbation expansion, 
equation (@), with 7 = v3. 
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5.3 Modified Powerlaw Inflation 

The next case we treat is superficially similar to the last, with 

H(x) = Ax + Bx 2 , B > 
but the evolution we derive is markedly different. The corresponding solution is 



V{x) 
a(x) 

t(x) 



A 2 {3 - 2£ 2 )x 2 + 2,45(3 - 4f )x 3 + B 2 (3 - 8f )x 4 



AC 2 



x 2 Q (A + 2Bx) 
x 2 (A + 2Bx ) 

2 \x x, 



B / x (A + 2Bx) 
A ° g \x(A + 2Bx ) 



(66) 

s 

(67) 
(68) 

(69) 



For this choice of H(x), V(x) — > oo as x — > oo and £ < ^/3/8. For other values 
of £, V(x) is negative for large x. When ^/3/8 < £ < \/3/2 the potential has a local 
maximum at 

A 2C 2 -3 

Xa = bJ^W (70) 

but for ^ > ^/3/2, V(x) < for all allowable values of x. However, a(t) is always 
increasing and there are no solutions for which the universe reaches a maximum size 
and then contracts back to a future singularity. This solution starts from a singularity 
though, since in the limit x — > oo, 



t 



1 



A? 



B, (A + 2Bx 

— log 

A \ 2Sx„ 



1 

2x 



0. 



(71) 



In this instance, the logarithmic term in a(x), never dominates and the expansion 
is always approximately powerlaw. Because this exact solution implicitly requires the 
value of <f) to be large when it is in the region containing the local maximum, the 
conditions that gave rise to a period of exponential expansion for the solution given 
by equations (|59|) and ( |60| ) are not be satisfied in this case. Of course the possi- 
bility of a period of exponential expansion in the general solution to the potential, 
equation ([37]), is not ruled out. 

For this solution 

'A + 2Bx x 2 



e(x) = 2C 



(72) 



A + Bx 

If £ > e > 1 and there is no inflationary phase. Alternatively, if £ < y/1/8 the 

solution is inflationary at all times. For intermediate values of £, the inflationary era 
will be preceeded by a period of powerlaw expansion, a oc t p , but with p < 1. 

Again, there are three special cases for which one of the terms in V(x) is zero, 
and a potential with two terms and independent coefficients results. 
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5.4 Exact solution for a superstring motivated potential 

Starting from H = Ax — Bx s , we find the potential, 



V(x) = A 2 (3 - 2£ 2 )x 2 + 6AB(2£ 2 - l)x 4 + 3B 2 (1 - 6£ 2 )x 6 , 



(73) 



which has the form of the perturbation expansion suggested by superstring theory, 
equation (0), for all values of £. 



a(x) 



tlx) 



xKA-Wx 2 ) 1 1/ee 
x 3 {A - 3Bx 2 ) 

2A? \x x + 2 ° g 



[1 - Cx)(l + Cx ) 



(1-Cx )(l + Cx) 



(74) 
(75) 



where C = ^/WjA. 

For all £ there is a local maximum at x = 1/C. For x Q > 1/C, x will increase 
as the universe evolves, and it will eventually reach a maximum size and collapse 
towards a singularity. For x a < 1/C, the expansion will continue indefinitely. If x Q ~ 
1/C then a(t) will initially be approximately exponential, giving way to powerlaw 
behaviour at later times. 

Again, there are three special values of £ for which one of the terms drops out of 
the potential. In particular, when £ = 1/V2, the potential is 



V(<f>) = 2A 2 exp {-V2<f>) - 6B 2 exp (-3^) 



(76) 



and 7 = y/2, the value derived from superstring theory, although the term in 
exp (— 2\/20) is missing. 

Setting H = Ax + Bx 3 gives similar results to those found for H = A + Bx 2 . 
The potential and the scale factor are found simply by changing the sign of B in 
equations (73) and (74). The time, t(x) is 



t(x) 



2A? 



1 1 



+ C(tan 1 (x) — tan 1 (x 



(77) 



This model with begins with a singularity, expands indefinitely and can have a mix- 
ture of non-inflationary and powerlaw expansion, depending on the value of £. 



6 Discussion 



We have found a number of new, exact scalar field cosmologies by deriving the 
potential that produces a specified form of the density, p, or the Hubble parameter, 
H. The technique used here typically does not produce a complete solution for a 
given potential. In particular, the solutions presented in this paper do not allow the 
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initial value of (ft to be chosen arbitrarily. However, it is easy to apply and a large 
number of potentials can be examined and interesting examples isolated, which can 
then be studied with more complicated analytic or numerical methods. 

In curved Robertson Walker spacetimes, we find a mixture of exact inflationary 
and non-inflationary models. We generalise solutions previously found by Ozer and 



Taha [11] and develop analagous results for a universe with negative spatial curvature. 

In flat spacetime we have presented exact solutions that have several distinct 
phases, distinguished by the properties of the scale factor, a(t). As well as models 
with a smooth transition between inflationary and non-inflationary expansion, we 
have found instances where the inflationary growth is a combination of exponential 
and power law expansion. We are not aware of any other exact scalar field cosmologies 
that are of a comparable complexity and diversity. If a realistic model possessed 
these properties, the resulting spectrum of primordial density perturbations would 
be comparatively complex, assuming that there is not so much powerlaw growth that 
the fluctuations produced during the era of exponential expansion are shifted beyond 
the present horizon. 

We have concentrated on solutions with relatively simple potentials but the 
method used here can be used to generate an arbitrary number of exact solutions 
where the potential consists of exponential terms. While we can find only a hand- 
ful of such solutions in curved spacetime, the simple relationship between H and 
V(x) when k = 0, equation (^), means that large numbers of exact solutions can 
be obtained in flat spacetime and we have not exhausted their possibilities in this 
paper. 
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Figure 2: The scale factor, loga(i), is plotted against the time t for a model where 
the potential has the specific form illustrated in Figure (0) and x = 0.98x a . When 
t < 200, log a is approximately proportional to the time, t and the universe is growing 
exponentially with powerlaw inflation taking place at later times. At larger values 
of £ the amount of exponential expansion is reduced, but the transition to powerlaw 
growth is more abrupt. 
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